Co6ng thitc tong quat ctia day truy héi tuyén tinh thuan nhéit

Dinh 1y 1. Cho s6 nguyén k > 1 va céc sb phtic c1, ..., c; v6i ¢ # 0. Xét hé thitc truy hoi

k

Unyk =Y Cjanih—j  (n>0), (1)
j=1

Gia st da thitc dac trung cé phéan tich

s

k
P(z) = 2k — Z cj:ck_j = H(a: - )™,
j=1

i=1

trong d6 Aq, ..., As d6i mot phan biét va m; 1a boi ctia A;. Khi d6 > ;_; m; = k va moi \; déu khdc 0

vi P(0) = —cx # 0. Quy ubc deg 0 = —o0.

(a) Vi méi day sb phtic (a,)n>0 théa man (1), ton tai duy nhat cdc da thitc Q1, ..., Qs € Clz], véi
deg @QQ; < m;, sao cho

=3 QN (n20). 2)
=1

(b) Ngugc lai, v6i moi b da thic @1, ..., Qs nhu trén, day xac dinh bdi (2) théa man (1).

Khéng gian cic day nghiém trén C c6 sb chiéu k va ¢ co sé gom céc day
(WA Dz (L<i<s, 0< 5 <my), (3)

voi quy ude n® =1 ca khi n = 0. Do d6 k sb hang dau ag, ..., ar_1 xdc dinh duy nhat k hé s6 cia
cac da thic Q;.

Chitng minh. Trén khong gian cdc day sb phiic, goi F 1a toan tit dich, x4c dinh béi (Eu), = uny1, va
I 13 todn tit dong nhat. He thitc (1) tuong duong véi P(E)a = 0. Céc toan tit E — \;I d6i mot giao
hodn vi déu 1a da thtic theo E.

Budc 1. Xay dung cic day nghiém. Cho u, = A"Q(n) v6i A # 0 va Q € C[z]. Pat A[Q](z) =
Q(z+1)—Q(x). V6imoi u € C, ta co

(B = pl)u),, = tngr — i = A (A = 0)Q(n) + AAIQ)(n). (4)

Khi ¢ = A, phan da thtic tré thanh AA[Q]. Néu Q c6 bac d > 1 v6i hé s6 cao nhat ¢, khai trién
(z +1)% — 29 cho thady A[Q] c6 bac d — 1 véi hé s6 cao nhat de. Néu @ 1a hang thi A[Q] = 0. Vi thé,
néu A = \; va deg@Q < m; thi (E — X\;1)™u=0. Do (z — \;)™ | P(x), ta ¢6 P(E)u = 0. Tinh tuyén
tinh cho ta phan (b).

Bude 2. Ching lminh tinh doc lap tuyén tinh. Gid st > ;_; Qn(n)A} = 0 v6i moi n > 0, trong do
deg Qp, < my,. Néu Q; # 0 v6i mot chi s6 4, ta ap dung toan tit D; = Hh#(E — Ap)™ vao hai vé clia
déng thitc gitta cac day (tich réng dugce hiéu 14 I). Theo Budce 1, D; triét tiéu moi s6 hang c6 chi s6
h # 1.

Xét s6 hang con lai Q;(n)A". Theo (4), méi lan 4p dung E — A\, I véi h # i, phan da thiic gift nguyén
bac vi hé s6 cao nhat duge nhan véi A; — A\, # 0. Do d6 A'R(n) = 0 v6i moi n > 0, trong d6 R 1a
mot da thitc khac 0. Piéu nay vo 1y vi A; # 0 va R chi ¢6 hitu han nghiém. Viy moi Q, déu bang 0,
chitng t6 cdc day trong (3) doc 14p tuyén tinh.

Buéc 8. Xdc dinh s6 chiéu ctia khong gian nghiém. Anh xa a — (ag,.--,ak—1) 1a mot de&mg cAu tuyén
tinh tit khéng gian nghiém lén C*, vi v6i mdi bo k s6 hang dau, (1) 1an lugt xéc dinh duy nhat céc sb
hang con lai. Do d6 k day doc lap tuyén tinh trong (3) lap thanh mét co s6. Nhém céc s6 hang ting
v6i cting mot \; trong khai trién theo co s6 4y, ta duge biéu dién duy nhat (2). Ol



Nhan xét 1 (Khi 0 14 nghiém ctia da thitc diic trung). Néu ¢, = 0, viét P(x) = 2"H(x) v6ir > 1 va
H(0) # 0. Dat by = a4 v6it > 0. Vib = E"a, ta cb

P(E)a=0 <= H(E)b=0.

Do d6 aq,...,a,_1 dugc chon tity y. Néu r = k thi H = 1, nén a,, = 0 v6i moi n > k.

Néu r < k, g0i A1, ..., \s 1a cdc nghiém phan biét ctia H, cé bdi tuong tng my, . .., ms. Ap dung Dinh
1y 1 cho b v6i da thitc dic trung H, ta duge by = Y., Si(t)A\l, trong d6 deg S; < m;. Thay t =n —7r
va dat Q;(z) = \;"Si(x — ), ta cb

ap = ZQz(n))\f (n>r).
i=1

Nhan xét 2 (Dang thuc ciia cong thiic tong quéat). Gia st ¢ # 0 va cdc hé sb cq, . .., c; cling cic s6
hang dau ag,...,ar_1 déu thuc. Khi dé6 moi a, déu thuc. Goi Q, 1a da thitc &tng v6i nghiém ) trong
(2), va Q la da thitc thu duge bang cach iy lién hgp phitc timg hé sd cta Q.

Vi P c6 hé s thue, A va A c6 cting boi. Lay lién hgp phitc hai vé clia (2) rdi doi chi s6 A <+ A, ta dudc
mmmm= Y QA
A: P(A)=0
Tinh duy nhét ctia biéu dién cho Qx = Q). Dic biét, néu A thuc thi Qy c6 hé sb thue.

V6i mot cip nghiém khong thuc lién hop cé boi m, chon A = pel? véi p > 0 va 0 < ¢ < 7. Viét
Qx= A +iB v6i A, B € R[z] c6 bac nhé hon m. Hai s6 hang tmg v6i cip nghiém nay c6 tdng bang

Qr(n)A" + Qx(MA" = 2Re(Qx(n)A")
= p"(U(n) cos(ny) + V(n)sin(ne)),

trong d6 U = 2A va V = —2B. Ghép timg cip nghiém lién hgp nhu trén, ta duge mot biéu dién clia
ap hoan toan trén R.

Vi du 1 (Mot day thic ¢6 hé sé phiic trong cong thitc tong quéat). Day a, = sin(nm/2) théa man
Unio = —an, v6i ag = 0 va a1 = 1. Da thitc dic trung x? + 1 c6 hai nghiém don i va —i. Viét
an = Ai" + B(—i)". Hai s6 hang dau cho A+ B=0vai(A— B)=1,nén A = —i/2, B=1i/2. Do d6

in — (—i)"

apn = .
2i



