Mot ching minh cta bit ding thic Karamata

Trong phan nay, I C R 1a mot khoang, mot doan hodc mot nita khoang, c6 thé khong bi chan.

Dinh nghia 1 (Ham 16i vA ham 16m). Ham s6 f: I — R dugc goi la ham [0i trén I néu v6i moi
u,v € I vamoi A € [0,1], ta c6

F(Au+ (1= X)v) < Af(u)+ (1= N)f(v).

Vé miit hinh hoc, phan dd thi nim gitta hai diém bat k¥ ctia do thi khong ndm phia trén doan thing
n6i hai diém ay. Ham sé f dudc goi 1a 107 nghiém ngdt néu bat ding thic trén 1a nghiém ngat moi
khiu# v vad 0< A< 1. Ham sd f duge goi 1a ham lom néu —f 1a ham 16i, tic 1a

£+ (1= M) = Af(u) + (1= N f(0)
Khai niém lom nghiém ngdt dugc dinh nghia tuong tu.
Chéng han, f(t) = t? 16i nghiem ngit trén R, béi
A2+ (1= 2)0% = M+ (1= 2)0)° = M1 = A)(u—v)2

Ham s6 f(t) = |t| 16i nhung khong 16i nghiém ngit tren R; ham s6 f(t) = —t? 16m nghiém ngat trén
R. Néu f c6 dao ham cap hai thi ta c6 két qua sau:

Dinh 1y 1 (Tiéu chuan dao ham cho tinh 16i nghiem ngit). Cho I C R 13 mot khodng méva f: I — R
1a ham s6 c6 dao ham cap hai trén I. Ba diéu kién sau tuong duong:

(1) f 16i nghiéem nggt tréen I.

(2) f’ dong bién nghiém ngit tren I.

(3) f"(xz) >0 v6i moi x € I va f” khong dong nhat bang 0 trén bat ky khodng con khong suy bién
nao cia I. Né6i cich khéac,
f(x)>0 Ve el

va v6i moi a,b € I, a < b, ton tai ¢ € (a,b) sao cho f”’(c) > 0.

Dac biet, diéu kién
() >0 Ve el

13 mot diéu kieén di dé f 16i nghiém ngat trén 1.

Chaing minh. (1) = (3). Vi f 16i nghiém nggt nén f 16i. Véi moi u,v € I, u < v, va 0 < h < v — u,
tinh 16i cho

fluth) = flw) _ f(v) = f(u) _ f(v) = flv=h)
h - v—u h ’
Cho h — 07, ta dudc
p < TO=I0 < gy

Do d6 f’ khong gidm trén I, suy ra



Gia st ton tai a,b € I, a < b, sao cho f”(x) = 0 v6i moi = € (a,b). Theo dinh ly gia tri trung binh,
f’ 1a ham hing trén (a,b), nén ton tai cac hang s6 A, B sao cho

f(z)=Axz+ B Vz € (a,b).
Diéu nay mau thuan véi tinh 16i nghiém ngit cia f. Vay diéu kién (3) duge théa mén.
(3) = (2). Tu f” > 0 va dinh ly gia tri trung binh ap dung cho f’, suy ra f’ khong gidm trén I.
Gid st ¢6 u,v € I, u < v, sao cho f'(u) = f'(v). Véi moi x € [u,v], ta c6
f'w) < f'(@) < f(v).
Do d6 f’ 1a ham hang trén [u, v], kéo theo
f(x)=0 Vo € (u,v),
trai véi dieu kien (3). Vay f/(u) < f'(v) véi moi u < v, nghia la f’ dong bién nghiém ngit trén 1.

(2) = (1). Lay tuy y u,v € I, u < v, va z € (u,v). Theo dinh 1y gia tri trung binh, ton tai £ € (u, 2)
va n € (z,v) sao cho

f(z)— f(u flv)— f(z
Z—u v—2
Vi € < i va f’ dong bién nghiéem ngat, ta c6
fz) = flw) _ flv) = f(2)
z—u v—z
Sap xép lai, suy ra
v—2 z—u
< .
£ < 222 ) + 2= )
Day chinh 13 tinh 16i nghiém ngat cta f.
Cubi ciing, néu f”(z) > 0 v6i moi z € I thi diéu kién (3) hién nhién duge théa man. O

Nhan xét 1. Diéu kien f” > 0 tai moi diém la diéu kién di, nhung khong phai diéu kién can cho
tinh 16i nghiém ngat. Chang han, ham s

flx)y=a', 2€eR,

f”([L') — 121,2 Z 0’ f”(O) —0.

Tuy vay, f” khong dong nhat bang 0 trén bat ky khodng khong suy bién nao, nén f van 16i nghiém
ngit tren R. Cling can phan biét diéu kién trong dinh 1y v6i diéu kién yéu hon “f” > 0 va f” khong
dong nhat bang 0 trén toan bo I”. Diéu kién yéu hon nay chua du. Vi dy, ham s6

() 0, x<0,
€Tr) =
g zt, x>0

c6 dao ham cap hai tréen R, théa man ¢” > 0 va ¢” # 0, nhung khong 16i nghiém ngat vi ¢ 1a ham
hing trén (—oo,0).

Nhan xét 2. Trong dinh ly trén, khong can gia thiét f” lien tuc. Néu xét ham sb trén doan [a, b],
cac két luan van ding khi f lien tuc trén [a, b] va ¢6 dao ham céap hai trén (a,b); cac diéu kién vé dao
ham chi can kiém tra trén (a,b). That vay, nhs tinh lién tuc tai hai dau mit, dinh 1y gia tri trung
binh van ap dung dudc trong chitng minh trén.

Céc tieu chuan cho tinh 16m nghiém ngit duge suy ra bing cach xét —f. Dac biet, f” < 0 trén mot
khoang la diéu kien da dé f 16m nghiém ngit trén khoang do.



Dinh nghia 2 (Quan hé troi). Cho hai bo s6 thuc

l':(l‘la"'amn)v y:(yh’yn)

Ky hiéu

Az ozah, g2y

N R

2

13 cac bo thu duge bang cach sip xép cic thanh phan clia x, y theo thit tu khong tang.

Ta n6i = troi y, ky hieu x = y, néu

k Kk
Stz (<kzn-y
i=1 i=1
va

n n
§ T; = Yi-
=1 i=1

Nhu vay, hai bo phai c6 ciing tong; dong thdi, tong ciia k thanh phan 16n nhat ctia 2 khong nhé hon
tong clia k thanh phan lén nhat clia y, véi moi k < n.

Vi dy,
(47 17 1) t (37 27 1)7

vid>3,44+1>3+2vad+1+1=3+2+1.
Tuy nhién, hai bo c6 ciing tdng khong nhat thiét so sanh duge theo quan hé troi. Ching han, (4,1,1)
va (3,3,0) khong bo nao troi bo nao, béi 4 > 3 nhung 4+ 1 < 3+ 3.
B6 dé 1 (Lam déu hai s6). Cho f: I — Rlaham16ivaa,b € I,a > b. Néuw,v € [b,a] vau+v = a+b
thi

f(u) + f(v) < fa) + f(b).
Néu f 16i nghiém ngat thi dau bang x4y ra khi va chi khi (u,v) = (a,b) hodc (u,v) = (b,a).

Chiing minh. Néu a = b thi két luan hién nhién. Gid s a > b va dit

u—>b
a—>b

A= € [0,1].

Khi dé
u=MAa+ (1—A)b, v=(1—Xa+ \b.
Tt tinh 16i cta f, ta c6

f(u)

< Af(a) + (1= A)f(b),
flv) <(

1—X)f(a) + Af(D).
Cong hai bat ding thic, ta duge didu phai ching minh.

Néu f 16i nghiém ngit thi ca hai bat ding thiic trén déu nghiem ngit khi 0 < A < 1. Vi vay, dau
bang x4y ra khi va chi khi A € {0, 1}, tuong duong véi diéu kien da neu. O

Dinh 1y 2 (Bit dang thic Karamata). Cho f: I — R la ham 16i v& hai bo z = (21,...,2n),
vy = (y1,...,Yn) c6 cac thanh phan thuoc I. Néu z = y thi

> F@i) =D )
i=1 i=1



Néu f 16i nghiém ng#t thi dau bang x4y ra khi va chi khi hai bo z,y tring nhau sau mot phép hoan
vi; tuong duong,
ri=yf  (1<i<n)

Néu f 13 ham 16m thi chiéu bat déng thiic dao lai. Néu f 16m nghiem ngat thi diéu kién xdy ra dau
bang van nhu trén.

Chatng minh. Ta chiing minh bing quy nap theo n, dong thoi xét diéu kien dau bang khi f 16i nghiem
ngat.

V6i n = 1, gia thiét cho z1 = y1, nén két luan hién nhién.

Gia st két luan dang véi hai bo gom n — 1 s6, trong d6 n > 2. Do phép hoan vi khong lam thay ddi
cac tong can so sanh, ta cé thé gia st

T1 2> 2 T, Y1 = 2 Yn.

Tu gia thiét, ta co
$1Zy12y1 +yn: 1+ n2$n
n n

Néu y; = x,, thi tit c céc x;,y; déu bang x,, va két luan hién nhién.

Xét truong hop y; > zp. Chon k € {1,...,n — 1} sao cho

Tk 2 Y1 > Tt
va dat
=2k + Zp+1 — Y1

Khi dé6
Trt1 <t < oy, y1+t=xk + Tpyq-

Theo bd dé lam déu hai s,

flan) + f(eren) = fy) + f(D).

Xét bon —1sd
Vo — (Zly---,zn—l) = (.2131,... ,xk_l,t,xk_,_g,...,xn).

Cac thanh phan clia 2z da dugce sap xép theo thit tir khong ting. Ta sé chiing minh
22 (Y2, Yn)-

Trude hét, hai bo c¢6 ciing tong, vi

Véi 1 <m <n—2, ta xét hai truong hop:

e Néum < k thixq,..., 2, > y1, do do

m m m+1

Zzi = Z% = myy = Z Yi-
i=1 =2

=1

e Néum > k thitt z > y, ta co

m+1 m+1 m+1

m
Zzi: in—yl > Zyi—y1= Zyi-
i=1 i=1 i=1 =2

4



Vay quan hé troi can ching minh dude thiét lap.
Ap dung gia thiét quy nap, suy ra

n—1 n n

S f@) = Fly)+ D) = fy) + > Flw) =Y fw):

=1 =1 =2 i=1

Gia sit them ring f 16i nghiém ngit v x4y ra dau bing. Khi dé, ca hai bat dang thic trong chudi
trén déu la dang thitc. Theo diéu kién dau bang ctia bd dé, cap (xk,xpy1) trimg véi cap (yi1,t) sau
mot phép hoan vi. Theo gia thiét quy nap, bo 2z trung vé6i (yo,. .., yn) sau mot phép hoan vi. Két
hop hai diéu nay, suy ra x,y tring nhau sau mot phép hoan vi. Chiéu ngudce lai hién nhién.

Cac két luan ddi véi ham 16m duge suy ra bang cach ap dung két qua trén cho ham 16i —f. O
~ P . a ~ L % 2 . -y — $1++.’L'n 4 . ~ £
Nhan xét 3 (Lién hé v6i bat dang thiuc Jensen). Dat T = ——— . Véi moi bo so6 thuc
n
x = (x1,...,Ty,), ta luon co
z = (T,...,7).

That vay, gia st xy > - > xp,. Vi1 <k <n,dat Ay =21+ -+ z. Do x; < xp < Ap/k v6i moi
1> k, ta dugc

nf:ingAk—f-(n—k)%:nTAk.
1=1

Vi thé A; > k=, chitng t6 quan hé troi trén.

Béi vay, Karamata cho ta bat ding thitc Jensen véi cac trong sé bing nhau:

f<x1+‘--+a:n> < f(wy) + -+ f(an)

n n

Néu f 16i nghiém ngat thi dau bang xay ra khi va chi khi 21 = --- = 2,,.

Nhan xét 4. Y tudng ciia Karamata la: khi lam déu cac thanh phan ma giit nguyen tong, téng gia
tri ctia mot ham 16i khong tang. B6 dé lam déu hai s6 14 bude co ban; quan hé troi bado dam co thé
thuc hien cac budc dy dé lan lugt tao ra cac thanh phan ciia bo y.

Khi ap dung, can sip xép rieng titng bo theo ciing thit ty, kiém tra céc tong timg phan va kiém tra
déng thic ciia hai téng toan bo. Ham 16i khong can don diéu hay kha vi.

Diéu kién 16i nghiém ngt 14 can thiét cho két luan tong quat vé dau bang: néu f(t) = at + b thi hai
téng gia tri luon bang nhau ngay khi hai bo ¢6 ciing tong.



