Phuong trinh ham d’Alembert

Dinh 1y 1. Cac ham s6 lién tuc f : R — R thoéa méan

flx+y)+ fx—y)=2f(2)fy), z,y€eR, (1)

chinh 1&

f=0, f(z) = cos(cz), f(x) = cosh(cz),
trong d6 ¢ > 0 va cosht = (e! +e7t)/2.
Chatng minh. Cac ham sb néu trén déu théa man yéu cau. Ta chiing minh khong con nghiém nao
khéc.
Thay y = 0 vao (1), ta dugce f(z)(1 — f(0)) = 0 v6i moi € R. Néu f # 0 thi f(0) = 1. Khi do, lan
lugt thay z = 0 va y = x vao (1), ta co

f—a)=f2),  fa)=2f()’~1 (z€R). (2)

Do f lién tuc tai 0 va f(0) = 1, ton tai a > 0 sao cho f(t) > 0 v6i moi ¢t € [0,a]. Ta chon ham h nhu
sau:

Néu 0 < f(a) < 1, chon «a € [0,7/2) sao cho cosa = f(a) va diat h(z) = cos(az/a). Néu f(a) > 1,
chon a > 0 sao cho cosha = f(a) va dat h(x) = cosh(az/a).

N

Trong ca hai truong hgp, h 1a mot nghiém cia (1), h(0) = 1, h(a) = f(a) va h(t) > 0 v6i moi t € [0, al.
Ta sé chiing minh f = h.

T (2) va tinh duong trén [0, al, ta c6

a 1+ f(a/2m) _
f<2m+1) =5 m=012....

Ham h ciing théa méan hé thic nay. Vi f(a) = h(a), bang quy nap suy ra

a

f(—)zh(Qim . m=0,1,2....

C6 dinh m > 0 va dat t = a/2™. Theo (1),

f(n+1t) =2f()f(nt) = f((n=1)t),  n=1.

Ham h ciing théa mén hé thic truy hoi nay. Tu f(0) = h(0) = 1 va f(t) = h(t), bang quy nap suy ra
f(nt) = h(nt) v6i moi sé nguyén n > 0. Do f va h déu chén, két qua con dang véi moi n € Z. Vi thé,

f(;—z):hg%) (neZ, m=0,1,2,...).

Tap cac s6 na/2™ tru mat trong R. Nho tinh lién tuc ctia f va h, ta duge f = h trén R, nhu can
chitng minh. O



Dinh 1y 2. Cac ham s6 lien tuc f : (0,400) — (0,+00) théa man
fle+y)+ fle—y) =2f()f(y), z>y>0,

chinh 1a f(x) = cosh(czx) v6i ¢ > 0.

Chatng minh. C6 dinh a > 0. V6i 0 < y < a, tit (3) ta c6

fla+y)+ fla—y)

fly) = 27 (a)
Do f lién tuc tai a va f(a) > 0, suy ra
lim f(y) = 1.
y—0t
bat
Fla) = {f<|xr>, z#0,
1, xz = 0.

Khi d6 F 1a ham lién tuc, chin va duong trén R. Ti gid thiét va tinh lien tuc, ta c6

F(u+v)+ F(u—v) =2F(u)F(v), u>v>0.

V6i z,y € R bat ky, dat v = max{|z|, |y|} va v = min{|z|, |y|}. Do F chén,

Fz+y)+ Flx—y)=Flu+v)+ F(u—v) =2F(u)F(v) = 2F(z)F(y).

Ap dung Dinh ly 1, ta duge F = 0, F(z) = cos(cz) hodc F(x) = cosh(cz) v6i ¢ > 0. Tinh duong ciia
F loai truong hop F = 0 va truong hgp F(z) = cos(cx) v6i ¢ > 0. Truong hgp ¢ = 0 cho ham héng 1,

cting thudc ho cosh(ex).

Vay f(x) = cosh(cz) v6i ¢ > 0. Ngugc lai, ¢dc ham s6 nay déu théa man yeéu cau.

O



