USAMO 2009, bai 6

USAMO 2009/6. Cho (sp)n>1 1a mot day khong hang céc s6 hitu ti. Gid st (¢,),>1 cing la mot
day khong hing cac s6 hitu ti thoa man tinh chat (s; — s;)(t; — t;) 12 mot s6 nguyen véi moi i va j.
Chiing minh réng ton tai mot s6 hitu ti r khac 0 sao cho (s; — s;)r va (t; — t;)/r 1a cac sd nguyen véi
moi ¢ va j.



LO’ZgZ(iZ 1. Dét Sl':Si*.S’l Vaﬂzti*tl vGi m0112 1. Khi dé Sl :T1 =0.
Bai toan yéu cau tim s6 hitu ti 7 sao cho (s; — sj)r € Z va @ € Z. Néu ta tim dugc r € Q* sao cho
Sir € Z va % € 7 v6i moi 4, thi v6i moi cap 4, j, ta cling co

(Si — Sj)T’ = (Sz — Sj)?’ = Sﬂ” — Sj?" €7

r r roor
Vay ta chi can tap trung vao viéc tim r cho cac day S; va Tj.
T gid thiét (s; — s;)(t; — tj) € Z, ta suy ra (S; — S;)(T; — T;) € Z v6i moi cach chon hai chi s6 ¢ va j.
Chon j=1vadéy Sy =Ty =0, tacé S;T; € Z véi moi i. (1)
Vi (S; — S;)(T; — T;) 1a s6 nguyén v6i moi i va j nén két hop véi (1) ta co

SiT; + S;T;, € Z, Vi,j. (2)
Do day (sp)n>1 V& (tn)n>1 khong phai 14 day hang, ton tai cac phan ti khac 0 trong day (Sy,)n>1 va
(Th)n>1-
Truong hop 1: Ton tai chi s6 a sao cho S, # 0 va T, # 0.
Tu (1) va (2), v6i moi i, cdc s6 N := S, T, M; := S;T; va Z; :=SiT, + SoT; déu la cac s6 nguyen. V6i
mot chi s6 7, xét phuong trinh bac hai (an X):

NX?— ZiX + M; =0.
ViX;:= g—; 13 mot nghiém hitu ti clia phuong trinh nay nén theo dinh Iy nghiém hitu ti, mau s6 clia
nghiem hitu ti X; (khi viét & dang phan s6 t6i gidn) phai la u6c cia N. Do d6 NX; € Z, tic 1a
S
(ST

a

=T,S; € Z, Vi.

D6i vai tro clia S va T, hoan toan tuong ty ta ciing c6 S,7T; € Z v6i moi i.
Truong hop 2: Khong ton tai a dé S, # 0 va T, # 0.

Diéu nay nghia 1a v6i moi 4, hodc S; = 0 hodc T; = 0. Vi day (S,),>1 khong héng nén ton tai chi s6
u sao cho Sy, # 0, va do gia thiét cla truong hgp 2, ta phai ¢6 T,, = 0. Vi day (T,)n>1 khong hing
neén ton tai chi s6 v sao cho T, # 0, va tuong ti ta phai c6 S, = 0. Ap dung (2) ta c6 S;T, va S, T; la
cac sO nguyén v6i moi i.

Trong ca hai trudng hop, luon ton tai cac hing s6 hitu ti khac 0, goi 1a T* va S*, sao cho T*S; va
S*T; 1a cac s6 nguyén v6i moi 4. Diéu nay chiing t6 tap hgp tat ca cac phan tit S; 14 mot tap con ciia
nhém cong %Z, va cac phan ti T; thudoc nhém cong %Z.

Xét nhom Gg := (S1,S52,...);. VI S khong phai day hing toan 0, nhém Gg sinh béi mot sé hitu ti
duong duy nhat, goi 1a ¢;. Nghia la Gs = ¢1Z. Hoan toan tuong tu, nhém Gp := (T, Ts,...), ¢6
dang G = ¢27Z véi qo € QT.

Vi q1, g2 1a cac phan tii sinh duong, ta c6 thé viét: S; = miqi va T = niqa v6i mg,n; € Z. Ta ciing c6
ngay ged{m;} = ged({n;}) = 1. Tu (1) va (2), véi K := qig2 € QT, ta c6 Km;n; va K(m;nj + m;n;)
14 cac s6 nguyén v6i moi i va j.

Ta sé chiing minh K 13 mot s6 nguyen. Gié st ngugc lai réing K = 4 véi A, B la cic s6 nguyen duong
nguyén t6 ciing nhau vd B > 1. Goi p 1a mot wéc nguyen t6 ctia B. Khi d6 m;n; = 0 (mod p) véi
moi i vd m;n; +mjn; =0 (mod p) v6i moi i, j.



Vi ged({m;}) = 1, ton tai chi sd u sao cho m, # 0 (mod p). Do myn, = 0 (mod p), ta bat budc
phai ¢6 n, = 0 (mod p). Tuong ty, vi ged({n;}) = 1, ton tai chi s6 v sao cho n, # 0 (mod p). Do
myny =0 (mod p), ta suy ra m, =0 (mod p). Vi

MyNy + Mmyny, =0 (mod p)

nén myn, =0 (mod p). Nhung diéu nay mau thuan vi ta da chon w,v sao cho pt{m, va p 1 n,.
Vay K la s6 nguyeén.

Bay gis chi can chon r = q% 13 xong. O



Loi giai 2. Ta c6 ba nhan xét sau:

1) Néu o : N* — N* la mot song anh thi hai day (S,(;))n>1 VA& (ty(n))n>1 cling thoa man cac gia
thiét ctia bai toan.
2) Néu s,t la cac s6 hitu ti thi hai day (s, + $)n>1 VA& (t, 4 t)n>1 cling thda man cac gia thiét cta
bai toan.
3) Ton tai cap chi s (4, j) sao cho (s; — s;)(t; — tj) # 0.
Chitng minh nhan zét 3: Do day (s;) khong phai day hang nén ton tai (i,j) sao cho s; # s;. Néu

ti # tj thi (4,7) 1a cdp phai tim. Néu t; = t;, do day ¢ khong hing, ta chon k sao cho t # ¢;. Khi
Sk = S;, ta chon (j, k) (vi khi d6 s; # s, va t; # ti). Khi s, # s;, ta chon (k,1).

Tré lai bai toan. Béi cac nhan xét trén, ta co thé gid st s =t; =0, so # 0 vty # 0.
Ta sé chiing minh ton tai cac s6 hitu ti duong A, B sao cho AB, As; va Bt; déu la cac sé nguyen véi
moi j. V6i moi 4, j, ta ¢6 (s; — s1)(t; — t1) = sit; va

(Si — Sj)(ti — tj) = s;t; + Sjtj — (Sitj + Sjti).

Tt gid thiét bai toan, suy ra s;t; va s;t; + s;t; 1a cac s6 nguyén véi moi ¢, j. C6 dinh i = 2, ta c6 sata,
sjt; va sat; + sjta 1a cac s6 nguyén. Xét phuong trinh bac hai nhan sjto vd sot; lam nghiem:

X% - (Sgtj + Sth)X + (Sgtz)(sjtj) = 0.
Phuong trinh nay cé céc hé so 14 sd nguyén v hé 86 bac caonhat bang 1. Do dé, theo dinh 1y nghiem
hitu ti, cdc nghiém clia n6 phai 1a s6 nguyen. Suy ra s;ts € Z v6i moi j.
Gia sttty = Z—; & dang phan s6 tbi gian. Tir sj% € Z, ta cb sjus € Z. Chon A = |ug| > 0, ta co A la
s6 nguyen duong va As; 1a s0 nguyén véi moi j. Hoan toan tuong tu (bang cach xét nghiem con lai
sot; € Z), gl st s = %’ ta chon B = |pa| > 0, suy ra Bt; la s nguyén véi moi j.
Vi A, B vita tim dugc la cac s nguyén duong, tich AB ciing 1a sd nguyén duong. Do d6, tap hop cac
cap sb hitu ti duong (A, B) sao cho As; € Z, Bt; € Z va AB € Z 1a mot tap khéc rong.
Xét tap hop céc cap (4, B) hitu ti duong théa man diéu kién trén. Vi cac gid tri cia AB la cac s6
nguyén duong nén ton tai cap (A, B) sao cho tich AB dat gia tri nh6 nhat. Ta sé chiing minh AB = 1.
That vay, gid st AB > 1, khi d6 86 nguyén duong AB c6 it nhat mot wéc nguyen té p. V6i moi j, ta
co

AB(s;t;) = (As;)(Bt;)

Vi s;t; € Z vap | AB, vé trai chia hét cho p. Do (As;) va (Bt;) déu la cac sd nguyen, p phai chia hét
As; hoac Bt;. Xét cac truong hop:

Truong hop 1: p chia hét As; v6i moi j.

Ta xét cip s6 hitu ti duong méi 1a (A/p, B). R6 rang %sj = % 14 s6 nguyén v6i moi j, va Bt; van
14 s6 nguyén v6i moi j. Hon nita, tich ciia ching 13 % -B = ’LiTB 12 mot s6 nguyen duong (vi p | AB).
Tuy nhién, ‘L‘TB < AB, diéu nay mau thuén véi tinh nh6 nhéat ciia AB. Tuong tu, néu p chia hét Bt;
v6i moi j, ta xét cap (A, B/p) va cang thu dugc mau thuan.

Truong hop 2: Ton tai j dé p khong chia hét As;, va ton tai i dé p khong chia hét Bt;.

Tit phan tich trén, vi p khong chia hét As; nen bat budc p chia hét Bt;. Tuong tu, vi p khong chia
hét Bt; nén bt buoc p chia hét As;. Xét ding thiic

AB(sitj + sjti) = (As;)(Bt;) + (4s;)(Bt;)



Vi sitj + sjt; € Z va p | AB, vé tréi chia hét cho p. O vé phai, s6 hang thit nhat (As;)(Bt;) chia hét
cho p? (do p | As; vap | Bt;). Do d6, sd hang thit hai (As;)(Bt;) ciing phai chia hét cho p. Tuy nhién,
theo cach chon, p khong chia hét As; va p khong chia hét Bt;. Do p la s6 nguyeén t6, tich (As;)(Bt;)
khong thé chia hét cho p, day 1a mot mau thun.

Vay diéu gid st AB > 1 1a sai. Ta bat buoc phai c6 AB = 1.

Tit day ta chi can chon r = A 13 xong. O



Duéi day la 16i gidi ctia Paul Christiano, huy chuong Bac tai IMO 2008.

Loi gidi 3. Ta cho cac s6 hitu ti trong 15i gidi nay déu 6 dang phan s6 t6i gian. Lap luan tuong tu
nhu cac 161 gidi trude dé luon co thé coi sy # s1 Vi tg # t1. Dit d = so — 51 # 0. V6i mdi 4, diit
S; — 81

! = th = (t; — t1)d.
Si d i ( 1)

Phép bién doi nay bio toan tich (sj — ;) (t; — t;) = (si — s)(t; — t;). Sau phép bién ddi, ta c6 thé gia
st day mdi c6 sy =t =0, sh=1vath=k#0. Visht, € Z nén k la mot s6 nguyen. Dé thuan tien
cho viéc trinh bay, ta tam thsi bd dau phay va goi hai diy dang xét 13 (sy,) va (t,).
Vé6i moi 4, ta co

(Si — 1)(ti — k) =s;t; —ks; —t; + k € Z.
Mat khac s;t; = (Si - 0)(751‘ - 0) cZvakeZ,do dot; + ks; € Z. (1)
Gia stt s; = ¢ 1a phan s6 t6i gidn. TU s;t; € Z, ta suy ra b | at;. Vi ged(a,b) = 1, ta bat budc phai co
b|t;. Do do6 t; = be véi ¢ € Z. Thay vao (1), ta co

k
bc—i—?aEZ.

Tu day suy ra %‘1 € Z, tic la b | ka. Lai 4p dung ged(a,b) = 1, ta thu duge b| k. Vib |k, s6 ks; = k¢
1a mot s6 nguyen. Két hop dieu nay véi (1), ta c6 t; € Z. Vay day (t;) c¢hi gom toan céc s nguyen.

Bay gio goi g = ged(ty, to,...) la uéc chung 16n nhat clia tat cd cac phan tit trong day ¢. Véi mdi i,
dat

~~

sfi’ = ¢Si, t;’ = EZ
Phép bién doi nay tiép tuc bao toan tich (si — s7)(t{ —t). Lic nay, day (/) van gom toan cac s6
nguyén va thoa man ged(t/,¢5,...) = 1.

Ta sé ching minh s/ € Z v6i moi s6 nguyen duong i. Tuong tu nhu trude, ta lai tam goi day méi nay
1a (s;) va (t;) cho dé doc.

Gia st ton tai chi s6 i saocho s; khong phai 1a s6 nguyen. Khi d6, mau s6 clia s; (6 dang toi gian) sé
c6 1t nhat mot ude nguyen to p. Vi ged(t,) = 1, ton tai chi s6 j théa méan p 1 t;.

Tt s;t; € Z, mau s6 cla s; phéi 1a wée clia t;, suy rap | t;. Do p | t; vapttj, tacopt (t; —t;).

Mit khéc, tit s;t; € Z va pft;, ta suy ra p khong thé 14 w6c ctia mau s clia s;. Vi miu sb clia s; chia
hét cho p trong khi miu s6 clia s; khong chia hét cho p, hieu s; — s; khi viét dudi dang phan so t6i
gidn sé c6 mau so6 chia hét cho p.

Két hop lai, trong tich (s; — s;)(¢; — t;), thita s6 thid nhat c¢6 mau chia p, trong khi thirta sé thit hai 1a
mot sd nguyén khong chia hét cho p. Do d6, tich nay 14 mot phan s6 c6 mau sb chia hét cho p, nén
khong thé 1a mot s6 nguyén. Diéu nay mau thudn tryc tiép véi gid thiét bai toan.

Mau thuan trén ching té hai day thu dugce sau hai lan chuan héa déu la céc day sé nguyen.

Bay gio chi can chon r = g/d 14 xong. O



Du6i day 1a 161 gidi ctia jmerry trén AoPS.

Loi gidi 4. Dé thuan tien, ta coi hai day bt dau tit chi s6 0 thay vi 1. Khong méat tinh tong quat ta

gid sit sg = tg = 0. Cho j = 0 trong gia thiét, ta c6 s;t; 1a s6 nguyén v6i moi i. Cho i # j, ta ¢ s6
Sit; + st — (si — Sj)(ti — tj) = sit; + sjt;

ciing 14 mot sd nguyén. Béi vay, véi moi s6 tu nhién n va k, ta c6 sd
E Sitj
i,j<n
i+j=k
luon 13 mot s6 nguyen.

Xét hai da thiic Sy, (z) = s1z + s222 + - -+ + 8,2" VA
To(z) = tix + tox® + - + tpz™.

Da thitc I, (z) = Sy, (2)Ty, () 1a mot da thidc véi he s6 nguyen.

Chon n du 16n sao cho cé hai da thitc S, (z) va T),(x) déu khac da thitc khong. Goi d,, 14 wéc chung
16n nhit ctia cic hé sb ctia da thiic I, (z). Theo Bd dé Gauss, ta c6 thé phan tich da thitc nay thanh

t t
Do) = (Frs1 + -+ + Tna") <di € 7 Nrr “””) o
nin n'n

trong d6 r, 1a hing s6 hitu ti duong théa man da thic th@ nhat (rps1z+ - + rps,z™) 1la da thic
nguyén ban. Khi d6é da thic thi hai

(dnrnx * * dnrnx >

cling budc phai la da thitc nguyén ban.
. LT .
Xét hai s6 nguyén duong m > n dit 16n. Ta sé chitng minh —= 1a mot s6 nguyén. That vay, cac hé
n

PS ~ 2 ES ~ ~ ~ ~ ~ P ES ~ .2 2, Tm
SO T'mS1, - -+, 'mSm 1& cdc sO nguyén nén tap con ry, S, ..., msy cing la cac so nguyén. Gid st —
Tn

khong phai 1a s6 nguyén, khi d6 phan s tdi gidn clia n6 sé c6 mot s6 nguyén to p chia hét mau s6
£ 2, A T N £ ~ 2. N 2, . s id z ~ A
nhung khéng chia hét t& so. Vi ry,s; = m) rnS; 1a 8O0 nguyén, p phai la wéc ctia tat ci cac hé so
Tn
TnS1,- .., nSn. Nhung da thic
(rpsix 4 -+ rpspa™)

la nguyén ban nén diéu nay 1a khong thé.

A rm N ~ A PN
Vay — la moét sO nguyén, suy ra r, > 7.
TTZ

dnr
Chitng minh hoan toan tuong tu cho da thic nguyén ban thit hai, ta c6 ———

mTm

cling phai 14 mot s6
nguyén duong.

T d,r
T = e Zt va —= € ZT, ta ¢

Tn mTm

d d,r r
Gn _ ( GnTn \ (Tm ) ot
dm, <dmrm> (Tn> ©

Suy ra d,, chia hét cho d,,, va do d6 d,, > d,n.




Nhu vay day (d,,) 1a mot day gom toan cac s6 nguyen duong va khong tang. Do d6 ton tai mot chi
n=1. Suyrar—mzl,tfrcla

dpm Tn

s6 N du 16n sao cho d,, = dy véi moi m > N. Khi d,,, = d,,, ti s6
Tm = Tp =7N VOl moi m > N.

Day hé s6 7, da tré thanh hing s6 ké tit N. Ta chon 7 = ry. Vi rS,,(z) la da thic thuoc Z[z] véi
moi m 16n tuy ¥, ta cé rs; € Z v6i moi i. Vi d}trTm(x) thudc Z[z] va dy € Z, ta cling c6 ;Z € 7Z véi

moi i. Két hop véi so = to = 0, ta thu dugc (s; — s;)r € Z va @ € 7Z v6i moi 1, j. O



Sau day 1a 16i gidi cia Hamster1800 va The QuattoMaster 6000 trén AoPS.

Loi gidi 5. Tt gid thiét bai toan (s; — s;)(t; — t;) € Z, ta c6 vp(s; — s;) + vp(t; — t;) > 0 v6i moi 4, 5.
Ta phai tim 7 € Q sao cho vy (r) > —vp(s; — sj) va vp(r) < vp(t; — t;), v6i moi sd nguyen t6 p va moi
chi s6 i, j.

C6 dinh mot s6 nguyen t6 p. Xét hai s6 khac nhau ¢, va t,. Lay s6 nguyén d théa man vy (t, —t,) < d,
khi d6 v6i moi ¢ thi v,(t; —tz) < d hodc vy(t; —ty) < d. T vy(s; — sz) +vp(ts —tz) > 0, ta suy ra véi
moi ¢ thi vy(s; — sz) > —d hodc vy(s; — sy) > —d. Do d6 day (vp(s;)) bi chan dudi, va bdi thé, tap
hop {vp(s; — s;)} bi chin dudi. Nhung tap nay gom céc so nguyen nén né ¢6 phan tit nhé nhat, ta ky
higu phan tit nhé nhat nay béi ,. Ching minh tuong tu, ta ciing thay ton tai d), = min{v,(t; — t;)}.

Ta sé chitng minh rang ton tai cdp chi s6 (,7) sao cho 0, = vy(s; — s5) va d;, = v,(t; — t;) dat dugce
dong thoi. Khi dé ta c6 &, +d;, > 0, suy ra —d, < ), va ta co thé tim dugc vy (r) dé véi moi 4, 5, ta c6:

—Up(si — 85) < —bp S vp(r) < 51/3 < vp(ti — t5).
Gia stt ngugc lai, khong c6 cip nao dat gia tri nhé nhat dong thoi cho cd hai diy. Lay céac chi sb
i,J, k, 1 théa man vy (s; — s5) = 0p va vp(ty, — ;) = 9.
Truong hop 1: vp(s; — sk) > dp va vp(s; — S5) > 0.

Ta 6 vp(sk — s1) = vp((sk — 8i) + (si — 85) + (85 — s1)) = vp(si — sj) = Jp. Dieu nay dan t6i cap (k,1)
vita dat ¢, vita dat 6, mau thuan véi gia thiét phan ching.

Truong hop 2: vp(s; — s) > 0p v vp(s; — 55) = 6.

Vi cap (1,7) da dat 6, nén n6 khong thé dat 6, tide 1a v,(t; —t;) > 6. Suy ra

vp(sk — 85) = vp((sk — 8:) + (si = 85)) = vp(s; — 85) = bp

vp(ti — t7) = vp((te — )+ (4 — 15)) = vp(te — 1) = 3,
Diéu nay dan t6i cap (k,7) dat gia tri nho nhat cho ca hai day, mau thuan.
Truong hop 3: vp(si — s) = 0p v vp(s; — 55) > 6.

Vi cap (i, k) da dat 0, néen vy (t; —tg) > 5;,. Suy ra

vp(si — s1)=vp((si — 85) + (85 — s1)) = vp(si — 85) =

vp(ti — 1) = vp((ti — te) + (tk — 1)) = vy(t, — ) = 3,
Diéu nay dan t6i cap (i,1) théa man, mau thuan.

Truong hop 4: vp(si — sx) = 6p va vp(s1 — 85) = 0p. Ta c6 vy(t; — tg) > 9, va vy(t; —t;) > 0, Suy ra
vp(ti — t5) = vp((ti — te) + (tx — 1) + (ty — t5)) = 0,

Tuy nhien ta da c6 vp(s; — s;) = Jp. Diéu nay c6 nghia la ci@ip (i,7) dat gid tri nhé nhat dong thoi,
mau thuan.

Vay luon ton tai cip chi s6 chung, va ta c6 thé chon dugc sb hitu ti hinh thic

r =+ [0

thoa man cac dieu kién cta bai toan.
Bai toan sé duge gidi quyét néu ta chi ra c6 thé chon v,(r) sao cho né khéc 0 chi v6i hitu han s6
nguyén to p.



Xét hai ca@ip chi s6 (4,7) va (k,1) sao cho s; # s; va ty # t;. Ta thay ton tai mot tap hitu han Z gom
cac s6 nguyen t6 (14 cac udc nguyén t6 clia ti s v méau s6 clia s; — 5 va t, — t;). VOi cac sd nguyen
t0 p 6 ngoai Z, ta c6 vy(s; — 55) = 0 va v,(ty, — t;) = 0. Suy ra d, < 0 va §, < 0. Mat khac, nhw da
ching minh, ta luon c¢6 d, 4 &, > 0. Do d6 bat buoc d, = d, = 0. V&i cac s6 nguyeén t6 p ¢ Z nay,
ta chon vy (r) = 0. Vi chi ¢6 hitu han cac sé nguyeén t6 p € Z nhan gia tri vy(r) # 0, s r cau thanh
chinh 13 mot s6 hitu ti thuyc sy. Bai toan duge chitng minh hoan toan. O

10



Duéi day 1a 15i giai chinh thitc ctia ban t6 chitc USAMO 2009.

Loi gidi 6. Nhu céc 161 gidi trude, ta coi s; = t1 = 0 va so = 1. Tt gid thiét, chon j = 1, ta c6
(sn — 81)(tn — t1) = spty € Z v6i moi n. V6i hai chi s6 a, b bat ky, tit (s, — sp)(ta — tp) € Z, ta duge

Sata + Spty — (Saty + Spta) € Z.
Vi s4tq € 7 va spty € 7 nén tong sqty+spty 12 mot s6 nguyen. Mit khac, tich (sqtp)(spta) = (Sata)(spty)
ciing 13 s6 nguyén, do dé ta c6 s.t, € Z véi moi ciap chi s6 a, b.
Chon a = 2, vi s3 = 1, ta thu dugc soty = t, € Z v6i moi b. Vay day (t,) chi gdm toan cac sd nguyen.

Goi g = ged(ty, te, . .. ) 1a u6c chung 16n nhét ciia tat ca cdc phan tit trong day t. Theo dinh ly Bézout,
g c6 thé duge biéu dién dudi dang mot t6 hgp tuyén tinh nguyen ciia hitu han céc phan ti thudce tap
{t,}. Gia st

g = citp, + catny, + -+ citn,

v6i ¢; € Z. C6 dinh mot chi s6 a bat ky va nhan s, vao hai vé, ta dudc
Sad = Cl(satnl) + CQ(SQtng) +---+ Ck(satnk)-

Vi 84ty 12 86 nguyen v6i moi n; va ¢; € Z, nén vé phai 1a mots6 nguyen. Tu do suy ra s,g € Z véi
moi a. Dong thdi, vi g 14 wéc chung ciia moi tp, ta hién nhién c6 %’ € 7 v6i moi b. O

11



Cubi cung 1a 10i gidi ctia Evan Chen.

Loi gidi 7. Gid st s =11 = 0, s9 = 1 vty = t # 0. Tu gia thiét, cho j = 1, ta c6 s;t; € Z véi
moi 4. Néi rieng véi i = 2, ta c6 soto =t € Z. Vay t la mot s6 nguyen khac 0. Ngoai ra, khai trién
(si —sj)(t; — tj) € Z, ta cing suy ra s;t; + s;t; € Z v6i moi i, j.

Xét s, bat ky. Néu s, = 0, hién nhien s, € Z. Néu s, # 0, ta biéu dién s, = ¢ duéi dang phan s6
toi gidn (v6i a,b € Z, a # 0, b > 0, ged(a,b) = 1). Vi spt, € Z, suy ra % € Z,do do b | at,. Vi
ged(a,b) = 1, ta bat bude phéi c6 b | t,. Khi d6 ton tai s6 nguyén c sao cho t, = be. Ta c6 thé viét
khéo léo lai thanh t, = g(ac) = gu voi u = ac € Z.
Ap dung tinh chat sot, + spty € Z (V6i 53 = 1,19 = t), ta co:
a b2u + a’t
— €

b
tp +8pt = —-u+ —t =
a

Z.
b ab

Tit day suy ra mau sb b phai la u6c cta tit 86, titc 1a b | (b?u + a*t). Didu nay dan t6i b | a*t. Lai do
ged(a, b) = 1, ta thu duge b | t. Vit 1a mot s6 nguyén ¢6 dinh va khac 0, moi mau s6 b clia day s déu
bi chan béi |¢].

Vi tap hgp cdc mau s6 clia diy s 13 hitu han va bi chin, goi L la boi chung nhé nhat clia tat ci cac
mau s6 nay. Ta thuc hién phép chuan héa: nhan toan bo day s, v6i L va chia toan bo day t,, cho
L. Day s, luc nay da tré thanh mot day gom toan céc so6 nguyen. Tiép theo, goi g = ged(sy, s2,...)
13 u6c chung 16n nhat ctia toan bo day s, méi. Ta chia diy s, cho g va nhan day ¢, véi g. Lic
nay, day s, van gom toan cic s6 nguyen va théa man ged(sy, sa;...) = 1. Cac diéu kién s,t, € Z va
sit; + sjt; € Z tiép tuc duge bao toan.

Gia st ton tai chi s6 k sao cho t; = 2 khong phai la s6 nguyen, v6i ged(z,y) = 1 va y > 1. Khi do,

ton tai mot s6 nguyén t6 p sao cho p | y.

TU sktx € Z, mau sb y phai la uée clia t1t s6 sgz. Do ged(z,y) = 1, ta suy ra y | sg, kéo theo p | s.
Nghia 1a v,(sg) > 1. Mat khac, vi u6c chung 16n nhét ciia toan bo day s bang 1, phai ton tai mot chi
s6 £ sao cho ptsg. Nghia la v,(s;) = 0. Tt sety € Z, méu s6 clia ty phai 1a ude clia sp. Vi p 1 s, mau
s6 clia tg khong thé chia hét cho p. Do d6, v,(ts) > 0.

Xét cap p-adic clia tong X = spty + spte € Z. Ta ¢

o up(setk) = vp(se) +vp(te) =0+ vp(z) — vp(y) = —vp(y) < —1.

° ’Up(sktg) = vp(sk) + Up(tg) >14+02>1.

Hai s6 hang c6 cap p-adic khac nhau nén cip p-adic ciia tong sé bing

vp(X) = min(vp(sty), vp(skte)) = vp(sety) < —1 < 0.

On

Diéu nay dan dén mau thuln tryc tiép v6i X € Z. Vay moi phan t ¢, déu bat buoc phai 1a s
nguyen.
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