Biéu dién s thuc theo co sé bat ky

Dinh ly 1. Cho s6 thuc a > 0 va s6 nguyén b > 1. Khi d6 ton tai ding mot day sd nguyen (¢;)i>o
théa man dong thoi cac diéu kien:

(2) 0<e¢; <b—1, Vi>1.

(3) ¢; <b—1 v6i vo han i.

Chiing minh. Véi moi s6 nguyén duong n, ta cé
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Xét day s6 nguyen (¢;);>0 va day sb thuc (a;);>1 xac dinh boi ¢g = [a], aq = {a} va
ci = [bay], iy1={ba;}, Vi>1.

Do «; € [0,1) nén bay; € [0,b), suy ra ¢; = [bay] € {0,1,...,6— 1}. Dé thiy diéu kien thi hai duge
théa man. Bang quy nap theo n, ta c6
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Mat khéac,
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vi b > 1 nén khi n — +o0 thi bin — 0, suy ra diéu kién thit nhat théa man. Bay gio ta ching minh
tinh chat thi ba.

Gia st ¢6 s6 nguyén duong n sao cho ¢; = b — 1 v6i moi i > n. Khi do
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diéu nay dan dén phan du 232 = L suy ra oy, 1 = 1. Diéu nay la khong thé vi oy, 1 = {bay,} € [0,1).

Dé hoan tat chitng minh ta con phai chi ra syt duy nhat. Gié sit c6 day (b;) 6 ciing cac tinh chat nhu
(c;). T (%) va tinh chat thi ba ta c6
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suy ra by = [a] = ¢p. Gid st ton tai s6 nguyén duong n sao cho b, # c,. Khong mat tinh téng quat,
gi& st b, < ¢, va n 1a chi s6 nhé nhat théa man diéu nay. Do céch chon n ta c6
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Mait khéac, doc; > 0nén b; —¢; <b; <b—1. Hon ntta, vib; < b—1v6i vo haninén b; —¢; < b—1
v6i vo han ¢. Tu dé ta c6 danh gia ngat
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i=n—+1 i=n-+1

do d6 c¢6 mau thuan. Vay su biéu dién 1a duy nhét. O
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Téng cq + Z % duge goi 1a biéu dién b-phan ciia o.
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Néu co = (bynbm—1 - - - bo)p 12 bicu dién b-phan clia cg thi ta viét o = (bybp_1 - - - bo, c1cacs . . .)p VA ciling
goi day 1a biéu dién b-phan ctia . Biéu dién b-phan nay duge goi la tuan hoan néu day (c;) tuan hoan
ké tir lic nao d6. Néu ké tir lac nao d6 ¢; = 0 thi ta néi o ¢é hiwu han chit sé trong biéu dién b-phan,
hay o c6 biéu dién b-phan hiu han.

Dinh ly 2. Cho s6 nguyén b > 1 va s6 thuc khong am o c6 biéu dién b-phan

(bmbm,1 e bo, C1C2C3 . . -)b~

Khi d6 [b"a] = (bymbm—1 - . - boc1Ca . Cr)p VO moi $6 nguyén khong am n.
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Chaing minh. Theo dinh nghia ciia biéu dién b-phan, ta c6 o = Co+z %, trong d6 co = (bibm—1---b0)p-
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R6 rang N 13 mot s6 nguyeén va biéu dién co s6 b ctia N chinh 13
N = (bybm—1...bocica ... cp)p-
Ta can chitng minh 0 < R < 1.
Vi ¢; > 0 v6i moi 4 nén hién nhien R > 0. Mit khac, theo dinh 1y vé biéu dién co s6 b, ta c6 ¢; < b—1

v6i moi 7 > 1. Do dé:
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Hon nita, ciing theo tinh chat ctia biéu dién b-phan, ton tai vo han chi s6 i sao cho ¢; < b— 1. Do
d6, day (cp+j);>1 khong thé gom toan cac s6 b— 1. Diéu nay dan dén dau bing & bat déng thitc trén
khong thé xay ra, tic la R < 1.

Vib'a= N+ Rv6i N € Nva0< R <1, theo dinh nghia ctia ham phan nguyén, ta suy ra
b"a] = N = (bpbm—1...bocica ... cn)p.

Dinh 1y dugc chitng minh hoan toan. O



