SO GIAO DUC VA PAO TAO KY THI CHON POl TUYEN THANH PHO
HA NOI DU THI HQC SINH GIOI QUOC GIA
NAM HOQC 2023-2024

PE CHINH THUC

Mén thi: TOAN
Ngay thi thu nhat: 21/10/2023
Thoi gian lam bai: 180 phut

Bai 1 (5,0 diém)

Cho day s nguyén (u, ) xac dinh béi u, =3, u, =5 va

u,, =3(n+1u,  —2n(n+1)u,, VneN".

n

v6o1 moi sO nguyén duong n. Chirng minh

. , , 2
a) Xét ddy so (v,) xac dinh boi v, =
u

day sb (vn) ¢0 gidi han hitu han va tim gié1 han do.

b) Tim tat ca cac sd nguyén t6 p thoa man u , T 15" chia hét cho p.
Bai 2 (5,0 diém)

Cho da thic P(x)=(x—1)(x—2)(x—3)...(x—2023). Chimg minh da thuc
O(x)=P*(x)+ P(x)+1 khong phan tich dwoc thanh tich cia hai da thirc voi hé s6
nguyén cé bac 16n hon hoic bang 1.

Bai 3 (5,0 diém)

Cho tam gidc nhon ABC ndi tiép duong tron (O). Goi P 1a diem dbi ximg véi
A qua duong thing BC. Duodng thing AP cit (O) tai diém tht hai D. Mot dudng
thing song song véi BC cit cung nhé 4B, AC cua dudng tron (O) lan luot tai K,Q.
Goi M 14 trung diém cua doan thang PK. Pudng thang qua M vudng goc véi MC cit
duong thang DB tai L. Chimg minh duong thing OL song song véi dudng thang DOQ.
Bai 4 (5,0 diém)

Cho S 13 mot tap hop gém 172 sé nguyén duong lién tiép va X 12 mot tap con
cia S co 20 phan tir. Chirng minh ton tai bon phan tr phan biét a,b,c va d cia X

thGaman a+b=c+d.

Can bo coi thi khong giai thich gi thém.
Hovaténthisinh: .........................ooooii. Sobaodanh: ......ooeiiiii,

Ho, tén va chit ki ctiia can bd coi thi s6 1: Ho, tén va chir ki cua can b coi thi so 2:
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Bai 5 (6,0 diém)

Tim tit ca cac ham s6 f:R — R thoa méan

F(fx=y)+D)+xy=f(x)(f(¥)+2), Vx,yeR.

Bai 6 (7,0 diém)

Cho tam gidc nhon ABC (4B < AC) c6 dudng cao AD. Goi M 1a trung diém
cua doan thfmg BC va I 1a mot diém thudc doan th'flng AD (I khac A4 va I khac D).
Goi E,F lan luot 14 hinh chiéu vudng goc cia I trén AB, AC. Hai duong thang BF va
CE catnhau tai J, duong thang 4J cit dudng thang BC tai N.
a) Chung minh bon diém E,F,M va N cung nim trén mot dudng tron.
b) Puong tron duong kinh Al cit dudng tron ngoai tiép tam giac BIC tai diém thir
hai P. Hai duong thing AP va BC cat nhau tai . Ching minh ba diém 7,J
va Q cling nam trén mot duong thang.
Bai 7 (7,0 diém)

Cho s6 nguyén k >7 va mét bang 6 vudng ¢ (2k +1)x(2k +1), trong d6 mdi
6 vudng cua bang dugc t6 mau den hodc mau tring, sao cho hiéu giita sb 6 vudng cé
mau den va sd 6 vudng c6 mau tring cia bang khong vuot qua k> + k.

Chtng minh trong bang di cho ton tai mot bang 6 vudng c¢& mxm, véi
mée {k;k +1}, sao cho hi¢u giita s6 6 vudéng c6 mau den va s6 6 vudng c6 mau tring

2
ctua bang khong vuot qua mT

Can bo coi thi khong giai thich gi thém.
Hovaténthisinh: ..., SO bao danh: ................

Ho, tén va chir ki ctia can bd coi thi so 1: Ho, tén va chir ki ctia can bd coi thi so 2:



